We consider the brane universe in the bulk background of the charged topological AdS black holes. The evolution of the brane universe is described by the Friedmann equations for a flat or an open FRW-universe containing radiation and stiff matter. We find that the temperature and entropy of the dual CFT are simply expressed in terms of the Hubble parameter and its time derivative, and the Friedmann equations coincide with thermodynamic formulas of the dual CFT at the moment when the brane crosses the black hole horizon. We obtain the generalized Cardy-Verlinde formula for the CFT with an R-charge, for any values of the curvature parameter k in the Friedmann equations.
Recently, there has been growing interest in holographic bounds in cosmology [1, 2, 3, 4, 5] , after the initial work by Fischler and Susskind [6] . The holographic bound in its original form is found to be violated by the closed Friedmann-Robertson-Walker (FRW) universe [6] and the later works attempted to circumvent such a problem through various modifications. Later, Verlinde [7, 8] proposed an ingenious holographic bound for a radiation dominated closed FRW universe which remains valid throughout the cosmological evolution. The Verlinde's holographic bound unifies the Bekenstein bound [9] for an weakly self-gravitating universe and the Hubble bound [1, 2, 4, 5] for a strongly self-gravitating universe in an elegant way. Furthermore, it is shown [7] that the Cardy formula [10] for a two-dimensional conformal field theory (CFT) can be generalized to an arbitrary spacetime dimensions and such generalized formula, called the Cardy-Verlinde formula, coincides with the Friedmann equation at the moment when the proposed cosmological bound is saturated. Such results were generalized to brane universes in various bulk backgrounds [11, 12, 13, 14, 15, 16, 17, 18, 19] . The quantum effects to the Cardy-Verlinde formula were studied in Refs. [20, 21, 22] . In our previous work [23] , we showed that the results of Refs. [7, 8] continue to hold even for an open and a flat radiation dominated FRW universes induced on a brane moving in the bulk background of the topological AdS-Schwarzschild black holes. In this note, we study a generalization to the brane universe in the bulk background of the charged topological AdS black holes. The holographic dual theory corresponds to the CFT with an R-charge. We show that the temperature and entropy of the CFT are still simply expressed in terms of the Hubble parameter and its time derivative when the brane crosses the black hole horizon. We find that the Friedmann equations coincide with thermodynamic formulas of the CFT at the moment when the brane crosses the black hole horizon. We generalize the Cardy-Verlinde formula to include the contribution from the R-charge of the CFT, for any values of the curvature parameter k in the Friedmann equations.
The charged topological AdS black hole solution in (n + 2)-dimensions has the following form [24, 25, 26, 27] :
where γ ij is the horizon metric for a constant curvature manifold M n with the volume Vol(M n ) = d n x √ γ, G n+2 is the (n + 2)-dimensional Newton's constant, M is the ADM mass of the black hole, Q is the electric charge, φ is the electrostatic potential (difference between the horizon and infinity), and L is the curvature radius of the background AdS spacetime. The horizon geometry of the black hole is elliptic, flat and hyperbolic for k = 1, 0, −1, respectively. The Bekenstein-Hawking entropy S, the chemical potential φ H and the Hawking temperature T of the black hole are
where a H is the horizon, defined as the largest root of h(a) = 0, and the prime denotes the derivative w.r.t. a. We obtain the effective Friedmann equations describing the evolution of the brane universe in the above bulk background (1) . In terms of a new time coordinate τ , satisfying 1
the induced metric of the n-brane takes the standard Robertson-Walker form
with the cosmic scale factor a. Making use of Eq. (3) and the following equation of motion [8] for the brane action:
where the parameter σ is related to the brane tension, we obtain the following Friedmann equation:
after setting σ = 1/L. Here, H ≡ȧ/a is the Hubble parameter, where the overdot denotes the derivative w.r.t. τ . Taking the τ -derivative of Eq. (6), we obtain the second Friedmann equatioṅ
So, the motion in the bulk background (1) induces radiation matter ∼ M/a n+1 and stiff matter ∼ Q 2 /a 2n [14] on the brane universe. Making use of the fact that the metric for the boundary CFT can be determined only up to a conformal factor [28, 29] , we rescale the boundary metric for the CFT to be of the following form:
It is argued in Ref. [30] that thermodynamic quantities of the CFT at high temperature can be identified with those of the bulk AdS black hole. Note, the CFT time is rescaled by the factor L/a w.r.t. the AdS time. So, the energy E, the chemical potential Φ H and the temperature T of the CFT are rescaled by the same factor L/a:
whereas the entropy S of the CFT is given by the Bekenstein-Hawking entropy (2) of the black hole without re-scaling. In terms of the energy density ρ = E/V , the pressure p = ρ/n, the charge density ρ Q = Q/V and the electrostatic potential Φ = φ a L of the CFT within the volume V = a n Vol(M n ), the Friedmann equations (6,7) take the following forms:
where G = (n − 1)G n+2 /L is the Newton's constant on the brane. So, the cosmological evolution is determined by the energy density ρ and the pressure p of the CFT plus those of the electric potential energy due to the R-charge. From these Friedmann equations, we obtain the following energy conservation equation:
The Friedmann equations (10,11) can be respectively put into the following forms resembling thermodynamic formulas of the CFT:
in terms of the Hubble entropy S H and the Bekenstein-Hawking energy E BH , where
The first Friedmann equation (10) 
ΦQ:
For the k = 1 case, this can be written as the following quadratic relation:
which generalizes the one in Ref. [7] . However, S B − S Q does not remain constant during the cosmological evolution, as can be checked by applying Eq. (12) along with the equation of state p = ρ/n. So, one cannot draw a circular diagram with the constant radius S B − S Q to study the time evolution of S H and S BH unlike the case in Ref. [7] . We study thermodynamics of the CFT at the moment when the brane crosses the black hole horizon a = a H , defined as the largest root of h(a) = 0, i.e.,
From Eqs. (6,18), we see that
The total entropy S of the CFT remains constant, but the entropy density,
varies with time. Making use of Eq. (19), we see that s at a = a H can be expressed in terms of H in the following form:
Making use of the general formula H 2 = σ 2 − h(a)/a 2 that follows from Eqs. (3, 5) , we see that the CFT temperature T = h ′ (a H )L/(4πa H ) at a = a H can be expressed in terms of H andḢ in the following way:
Eq. (14) along with Eqs. (22, 23) implies
where E C is the Casimir energy defined as
So, even for the case of charged AdS black holes, for any values of k, thermodynamic quantities of the CFT take the forms simply expressed in terms of the Hubble parameter and its time derivative, when the brane crosses the black hole horizon.
Thermodynamic quantities of the CFT satisfy the first law of thermodynamics,
which can be re-expressed in terms of the densities as
making use of dV = nV da/a. The combination ρ + p − Φ H ρ Q − T s measures the subextensive contribution to the thermodynamic system. To find the expression for the combination, we write the energy density of the CFT in the following way:
and make use of the equation of state p = ρ/n, which holds for CFTs. The resulting expression is
where the Casimir quantity γ is given by γ = n(n − 1)a
So, the Casimir energy (25) of the CFT is
which does not have explicit dependence on Q. The entropy density (20) of the CFT can be expressed in terms of γ and the densities as
By making use of Eq. (21), we can show that the entropy density formula (32) reproduces the first Friedmann equation (10) when the brane crosses the black hole horizon. Also, making use of Eqs. (21,23) , we can show that Eq. (29) reproduces the second Friedmann equation (11) when a = a H . We have thus shown that the results of Ref. [8] can be extended to the charged topological AdS black hole cases. From the entropy density formula (32), we obtain the following generalized CardyVerlinde formula for the CFT with the R-charge Q:
where the Casimir entropy S C and the Casimir energy E C are defined as
Note, the Casimir energy E C in the above generalized Cardy-Verlinde formula is positive, zero and negative for k = 1, 0, −1, respectively, whereas the Casimir entropy S C is always positive for any k. The Casimir entropy depends implicitly on M, Q and k through a H satisfying Eq. (18) . The generalized Cardy-Verlinde formula (33) coincides with the cosmological Cardy formula (13) when the brane crosses the black hole horizon a = a H . The generalized Cardy-Verlinde formula (33) can be written also as the following relation:
where
Φ H Q. This relation and the relation (16) among the cosmological entropy bounds coincide when a = a H .
We now discuss the cosmological holographic bounds generalized to the case of the charged topological AdS black holes. The above expressions for the generalized CardyVerlinde formula suggest that the criterion for distinguishing between a weakly and a strongly self-gravitating universes should be modified to
We further propose that the cosmological bound on S C conjectured in Ref. [7] continues to hold without modification, even when Q = 0:
which can be inferred from the fact that the expression for the Casimir entropy in Eq. (34) does not explicitly depend on Q, as well as on k. From the explicit expression (34) for S C and the definition for S BH , we see that the cosmological bound (37) implies a H ≤ a. So, the cosmological bound (37) is saturated when a = a H , i.e., when the brane crosses the black hole horizon, at which moment the entropy S, the temperature T and the Casimir energy E C of the CFT are given respectively by Eqs. (22, 23, 24) . We argue that the conjectured cosmological bound (37) implies the Hubble entropy bound and the modified Bekenstein bound for a strongly and a weakly self-gravitating cases, respectively. For the strongly self-gravitating case, we see from Eqs. (36,37) that S C ≤ S BH ≤ S B − S Q H . From Eq. (35) we see that S is a monotonically increasing function of S C in the interval S C ≤ S B − S Q H for any values of k, as long as S B > S Q H . Thus, S reaches its maximum value when S C = S B − S Q H and therefore S C = S BH , for which S = S H (as can be seen from Eqs. (16, 35 ) with S C = S BH and a = a H ). The conjectured cosmological bound (37) therefore implies the Hubble entropy bound even for the Q = 0 case:
For the weakly self-gravitating case, we have S C ≤ S B − S Q H ≤ S BH for k = 1, if it is assumed that E C ≤ E − 1 2 Φ H Q. So, we have the following modified Bekenstein bound:
which is saturated when S C = S B − S Q H . For any values of k, if we assume that S C ≤ S B −S Q H (which can be interpreted as the holographic upper limit on the degrees of freedom of the dual CFT, generalized to the case with an R-charge), then we also have S C ≤ S B − S Q H ≤ S BH for any k. The Bekenstein bound is then generalized to
which is saturated when S C = S B − S Q H .
